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Shear crack growth in brittle materials
modeled by constrained Cosserat elasticity
Panos A. Gourgiotis∗
Department of Engineering, Durham University,
South Road, Durham, DH1 3LE, UK
Abstract
The propagation of in-plane shear cracks is investigated in brittle microstructured
materials modeled by the constrained Cosserat elasticity. This theory introduces
characteristic material lengths in order to describe the scale effects that emerge
from the underlying microstructure and has proved to be very effective for mod-
eling complex microstructured materials. An exact solution is obtained based on
integral transforms and the Wiener-Hopf technique. Numerical results are pre-
sented illustrating the dependence of the stress intensity factor and the energy
release rate upon the loading profile, the propagation velocity, and the charac-
teristic material lengths of Cosserat elasticity. It is shown that depending on the
Cosserat microstructural lengths the limiting crack propagation velocity can be
significantly lower than the classical Rayleigh limit. Moreover, strengthening ef-
fects are observed when the characteristic material lengths become comparable to
the geometrical lengths of the problem, a behavior that has been experimentally
verified in fracture of ceramics.
Keywords: Dynamic fracture; Couple-stress elasticity; Microstructure; Mode-II
crack; Micro-rotational inertia; Ceramics; Limiting crack velocity
1. Introduction
Brittle materials such as ceramics, foams, glassy, and semi-crystalline poly-
mers are inherently heterogeneous materials possessing microstructures at differ-
ent scales which affect strongly their effective properties (see e.g. [1]). Due to their
intrinsinc microstructure such materials exhibit size effects during deformation es-
pecially in the presence of large stress (or strain) gradients [2]. In the last decade,
brittle fracture in heterogeneous materials has received significant attention, es-
pecially in the dynamical case where many fundamental questions regarding the
limiting crack-tip velocity, velocity-toughening mechanisms, and crack branching
still remain unanswered [3, 4]. During brittle fracture, the microstructural mor-
phology and the associated size effects play a dominant role in determining the
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macroscopic fracture toughness of these materials [5, 6]. The influence of het-
erogeneities in dynamic fracture processes has been investigated across various
length scales, ranging from kilometers for earthquakes [7, 8], to millimeters for
composite plates [9] and thin-films [10], to micro/nanometers in ceramics and
metallic glasses [5, 11, 12, 13, 14]. The majority of such investigations are based
on the classical theory of linear elastic fracture mechanics (LEFM) which, how-
ever, is scale independent and cannot realistically describe the fracture processes
in such situations. This deficiency of the classical theory can be circumvented by
the use of generalized continuum theories. These theories introduce characteristic
material lengths in their formulation and have been used successfully to model
the experimentally observed size-effects in many cases. It is worth noting that
another approach in the continuum setting to introduce appropriate length scales
connected to submacroscopic geometrical changes is through the use of the mul-
tiscale geometry of structured deformations [15] which is a generalization of the
theory of structured deformations [16, 17].
One of the most effective generalized continuum theories has proved to be
the theory of constrained Cosserat elasticity also known as couple-stress elasticity
[18, 19, 20]. This theory is the simplest gradient theory in which couple-stresses
make their appearance. In particular, the constrained Cosserat theory assumes
an augmented form of the Euler-Cauchy principle with a non-vanishing couple
traction, and a strain-energy density that depends upon both the strain and the
gradient of rotation. Such assumptions are appropriate for materials with granular
or cellular structure, where the interaction between adjacent elements may intro-
duce internal moments. For the isotropic case, the constrained Cosserat theory
introduces material length scales which can be related to the intrinsic material
microstructure [21, 22, 23, 24]. The constrained Cosserat theory has been re-
cently employed successfully to model size effects in microstructured materials in,
among other areas, fracture [25, 26, 27, 28, 29, 30, 31], contact [32, 33, 34], stress
localization [35, 36, 37, 38], and wave propagation problems [39, 40, 41, 42].
The present work deals with the problem of mode II crack propagating steadily
with sub-Rayleigh velocity in a constrained Cosserat medium. Both inertia and
micro-inertia terms are taken into account in the analysis. The inclusion of the
micro-inertia term is crucial in our problem since it provides one additional length
scale and gives dispersion curves that mostly resemble with the ones obtained by
atomic-lattice considerations [43, 44, 28]. The main goal of the present work is to
investigate how different loading cases can affect the energetics of the fracture pro-
cess. In this context, the work of Gourgiotis and Piccolroaz [28] is extended here to
consider more general loading profiles. A full field exact solution of the boundary
value problem is obtained by means of the Fourier transform and the Wiener-
Hopf technique. To define the range of the sub-Rayleigh regime, we examine
also the propagation of Rayleigh surface waves in an elastic constrained Cosserat
half-plane. It is shown that the present theory can indeed predict the dispersive
character of Rayleigh waves in a medium with microstructure. Moreover, depend-
ing on the material microstructure the limiting crack propagation velocity can be
2
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significantly lower than the classical Rayleigh limit. The latter finding verifies
observations in shear fault ruptures where the limiting velocity varies in the range
0.7 ∼ 0.9 of the shear wave velocity ([4],[7]). Further, closed-form expressions for
the stress intensity factor (SIF) and the dynamic energy release rate (ERR) are
obtained. The dependence of these quantities upon the crack speed, the charac-
teristic material lengths of the theory, and the loading profile is then examined in
detail. A comparison of these quantities in the framework of couple-stress elastic-
ity with the classical elasticity solutions (which are also obtained in closed form
herein) reveals an interesting ‘alternating’ behavior between strengthening and
weakening effects depending on the distance of the maximum value of the shear
traction to the crack-tip as compared to the characteristic Cosserat lengths.
2. Basic equations of plane-strain constrained
Cosserat elasticity
In this section, we recall briefly the pertinent elements of the dynamic plane
strain constrained Cosserat elasticity (also known as couple-stress elasticity). A
thorough presentation of the three dimensional dynamic anisotropic constrained
Cosserat theory including micro-inertial effects can be found in [42].
For a body that occupies a domain in the (x, y)-plane under conditions of
plane strain, the displacement field takes the general form
ux ≡ ux(x, y, t) 6= 0, uy ≡ uy(x, y, t) 6= 0, uz ≡ 0. (1)
Accordingly, the governing kinematic relations in the framework of the geometri-
cally linear theory become
εxx = ∂xux, εyy = ∂yuy, εxy = εyx =
1
2
(∂xuy + ∂yux), (2)
ω =
1
2
(∂xuy − ∂yux), κxz = ∂xω, κyz = ∂yω, (3)
where εpq are the components of the usual strain tensor, ωz ≡ ω is the rotation,
and (κxz, κyz) are the non-vanishing components of the curvature tensor (i.e. the
gradient of rotation) expressed in dimensions of [length]−1.
For a homogeneous centrosymmetric and isotropic constrained Cosserat ma-
terial the constitutive equations furnish
σxx = (λ+ 2µ)εxx + λεyy, σyy = (λ+ 2µ)εyy + λεxx, σxy + σyx = 4µεxy (4)
and
mxz = 4µ`
2κxz, myz = 4µ`
2κyz, (5)
where (σxx, σxy, σyx, σyy) and (mxz,myz) are the non-vanishing components of the
(asymmetric) stress and couple-stress tensors, respectively. Moreover, (µ, λ) stand
for the Lamé moduli, and ` is the characteristic material length of constrained
3
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Cosserat theory [19]. The characteristic length ` is associated with the strain
energy of a couple-stress medium.
In the absence of body forces and body moments, the equations of motion in
terms of the displacement components (ux, uy) become [28]
µ∇2ux + (λ+ µ)∂xe− µ`2∇2[∇2ux − ∂xe] = ρu¨x + 2ρh2∂yω¨, (6)
µ∇2uy + (λ+ µ)∂ye− µ`2∇2[∇2uy − ∂ye] = ρu¨y − 2ρh2∂xω¨, (7)
where ∇2 is the 2D Laplace operator and e = ∂xux + ∂yuy denotes the dilatation.
In addition, ρ is the mass density and h is a characteristic intrinsic material
length associated with the micro rotational inertia of the continuum. According
to Mindlin [45], this length can be related to the size of the edges of the unit cells
that the material is composed. The influence of microinertia on transient dynamic
problems has been highlighted in [46] and [47]. Moreover, an interrelation of
the two characteristic microstructural lengths ` and h was given by Georgiadis
and Velgaki [44] by comparing the forms of dispersion curves of Rayleigh waves
in couple-stress theory with the ones obtained by the discrete particle theory
(atomic-lattice approach). Finally, we note that the superposed dot in Eqs (6)
and (7) denotes time differentiation and that use of a Cartesian coordinate system
centered at the crack-tip at time t = 0 is being made.
Although the above system is much more complicated than that in the re-
spective case of classical elastodynamics, uncoupling by the use of Lamé-type
potentials still proves to be successful. The potentials φ(x, y, t) and ψ(x, y, t) are
defined in terms of the displacement components as
ux =
∂φ
∂x
+
∂ψ
∂y
, uy =
∂φ
∂y
− ∂ψ
∂x
. (8)
Incorporating the above relations into (6) and (7), the following uncoupled PDEs
are obtained which constitute our governing field equations. It turns out that the
potential φ satisfies a second order PDE, whereas the potential ψ satisfies a PDE
of the fourth order, i.e.
c2p∇2φ = φ¨, (9)
c2s
(
1− `2∇2)∇2ψ = (1− h2∇2) ψ¨, (10)
where cp = [(λ+ 2µ)/ρ]1/2 and cs = (µ/ρ)1/2 are the velocities of the pressure (P)
and shear (S) waves, respectively, in the classical elasticity theory. The complete-
ness of the representation (8) in dynamic couple-stress elasticity has be proven in
[28].
It is interesting to note that Eq.(9) is related to the propagation of pressure
waves and has the same form with the respective one in the classical theory.
This, in turn, implies that pressure waves are not dispersive in the context of
the constrained Cosserat elasticity and their phase velocity is the same as in
4
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the classical theory, vp = cp (see also [35]) . On the other hand, unlike the
corresponding case of classical elastodynamics, Eq.(10) is of the fourth order which
means that shear waves become dispersive. It is straightforward to show that the
phase velocity vs of the shear waves in a constrained Cosserat medium takes the
following form
vs = cs(1 + `
2s2)1/2(1 + h2s2)−1/2, (11)
which shows that the propagation velocity depends upon the wavenumber s. Ac-
cordingly, the group velocity vgs at which the energy propagates in a dispersive
medium becomes
vgs = vs + (`
2 − h2)css2(1 + `2s2)−1/2(1 + h2s2)−3/2. (12)
The following three cases are then distinguished: (i) For ` < h, Eq. (12) implies
that vgs < vs, thus the dispersion for shear waves is normal. (ii) For ` > h, we have
vgs > vs indicating that the dispersion is anomalous. (iii) For ` = h or (`, h)→ 0
(i.e. no material microstructure), the shear wave velocity degenerates into the
non-dispersive velocity of classical elastodynamics.
A final comment pertains to the propagation of Rayleigh waves in a couple-
stress medium. As it was shown in [28] (see also [44]), Rayleigh waves become
dispersive when couple-stress effects are taken into account. In fact, the phase
velocity vR becomes strongly dependent upon the ratio: h0 = h/` between the
two competing characteristic material lengths of the theory.
Figure 1 illustrates the variation of the normalized phase velocity vR/cs of the
Rayleigh waves in couple-stress elasticity versus the normalized wavenumber s`
for three values of the Poisson’s ratio ν. It is observed that for small wavenumbers
(low frequencies) the phase velocity of the Rayleigh wave tends to the respective
classical value cR. Such a result is intuitively expected since long wavelengths
do not "capture" the material microstructure (see also Fig. 2 on the right). As
the wavenumber increases (high frequency) the phase velocity departs from the
classical value exhibiting an increasing or decreasing trend that depends upon the
microstructural ratio h0. In particular, it is observed that for h0 < h∗0 the phase
velocity of the Rayleigh wave increases significantly as compared to the classical
value, whereas for h > h∗0, the phase velocity decreases. The curve h0 = h∗0
with h∗0 ≡ h∗0(ν) = cs/cR differs slightly from the classical elasticity solution
which shows that in this case the Rayleigh waves are almost non-dispersive. Note
that the constant h∗0 depends, according to its definition, only upon the Poisson’s
ratio. In particular, for a material with Poisson’s ratio in the range 0 ≤ ν ≤ 0.5,
the constant h∗0 varies between 1.046 ≤ h∗0 ≤ 1.144. The dispersive character
of the Rayleigh waves is more pronounced in the range 0 < s` < 3. As the
normalized wavenumber increases further, s` > 3, the phase velocity reaches a
plateau attaining a constant value which depends on the Poisson’s ratio ν and
the ratio h0. This implies, in turn, that when the wavelength Λ is less than
2` (recall that Λ = 2pi/s), the Rayleigh waves in couple-stress elasticity become
again non-dispersive. It is worth noting that when h > h∗0, the minimum velocity
5
Page 6 of 27
Ac
ce
pte
d M
an
us
cri
pt
becomes vR = cs/h0 and is obtained in the limit as s → ∞. Moreover, when
the micro-inertia is zero, h0 = 0, the speed of the Rayleigh waves in couple-stress
elasticity is always greater than the corresponding one in the classical theory and
reaches a maximum value as s→∞. This is contrast with the corresponding case
of antiplane motions in a couple-stress elastic half-space where the speed of the
surface waves increase monotonically without bound as s→∞ [29].
Figure 1: Variation of the normalized Rayleigh wave phase velocity vR/cs with respect to the
normalized wavenumber s` for various Poisson’s ratios ν in couple-stress elasticity.
Further, Figure 2 shows the variation of the normalized group velocity vgR/cs of
Rayleigh waves for a material with Poisson’s ratio ν = 0.3 and h∗0 = 1.078 versus
the normalized wavenumber (left) and the normalized wavelength Λ/` (right). It
is observed that the dispersion characteristics are controlled primarily by the ratio
h0. In particular, for h0 < h∗0, the group velocity becomes larger than the phase
velocity showing that the dispersion is anomalous, a result which is in agreement
with experiments in granular type materials such as ceramics, bones and cellular
materials (see e.g.[48, 49, 50]). More specifically, an anomalous dispersion is ob-
served in the range 2` < Λ < 12` and for decreasing ratios h0. For h0 = 0, the
group velocity exhibits a peak around s = ` (or Λ = 6`, Fig. 2 on the right) which
is attributed to the fact that the gradient of the phase velocity with respect to the
wavenumber at the same point changes abruptly. This implies a strong anomalous
dispersion where the wavelets of the carrier wave are building up at the front of
the group. On the other hand, for h0 > h∗0, the group velocity decreases with
respect to the phase velocity showing normal dispersion characteristics, a result
which is in agreement with atomic lattice theories [43] and holds for most metals
and alloys ([51, 52]). Moreover, normal dispersion characteristics are observed in
guided seismic Rayleigh waves (Rg-waves) which are generated near ground sur-
faces due to seismic events such as rock or mine-bursts, industrial or underground
nuclear explosions [53].
In light of the above discussion, a velocity V is characterized as sub-Rayleigh
(for all wavenumbers) when V < vR. Hence, for a steady-state motion, it suf-
fices that the propagation velocity is less than the classical Rayleigh velocity i.e.
V < cR when 0 ≤ h0 ≤ h∗0, whereas for h0 > h∗0 the propagation is sub-Rayleigh
provided that V < cs/h0. The conditions for sub-Rayleigh propagation are sum-
6
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Figure 2: Variation of the normalized Rayleigh wave group velocity vgR/cs with respect to the
normalized wavenumber s` (left) and the normalized wavelength Λ/` (right) in couple-stress
elasticity. The respective phase velocities are depicted also for comparison.
marized in the following inequalities:
sub-Rayleigh velocity :
{
V < cR, for 0 ≤ h0 ≤ h∗0,
V < cs/h0, for h0 > h∗0.
(13)
It is therefore apparent that in constrained Cosserat elasticity the limiting propa-
gation velocity depends upon the material microstructure through the character-
istic lengths h and `. As the second inequality in (13) suggests, for a material with
h/` > h∗0, the limiting speed becomes less than the classical Rayleigh velocity. For
example, when ν ∈ (0.2, 0.3) (typical for rock materials) and 1.2 < h/` < 1.5, the
limiting Rayleigh velocity ranges from uR = 0.6cs ∼ 0.7cs which verifies experi-
mental observations regarding the limiting propagation velocity in shear rupture
of faults [7].
3. Steady state shear crack propagation
Consider now a semi-infinite crack in a body of infinite extent governed by the
equations of plane strain couple-stress elasticity. The crack propagates with con-
stant sub-Rayleigh velocity V along the x-axis and is subjected to a distribution
of shear tractions τ(x) along the crack faces moving with the same velocity. The
standard steady-state assumption for moving sources is adopted [54] and the new
moving Cartesian coordinate system: X = x− V t and Y = y is employed for the
analysis. In this way, any transients can reasonably be avoided (therefore gaining
considerable simplification in the analysis). In the moving framework, the field
equations (9) and (10) for the Lamé potentials φ (X, Y ) and ψ (X, Y ) can now be
written as
(1−m2c2) ∂
2φ
∂X2
+
∂2φ
∂Y 2
= 0, (14)
7
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(1−m2) ∂
2ψ
∂X2
+
∂2ψ
∂Y 2
− `2
[(
1−m2h20
) ∂2(∇2ψ)
∂X2
+
∂2(∇2ψ)
∂Y 2
]
= 0, (15)
where c = cs/cp = [(1− 2ν) /2 (1− ν)]1/2 < 1. Also, m = V/cs and mc =
V/cp are the two Mach numbers. It is worth noting that m < mR with mR =
min{1/h0, 1/h∗0} and h∗0 = cs/cR, in order for the crack to propagate with a sub-
Rayleigh speed (see also Section 2). Figure 3 depicts the sub-Rayleigh and the
super-Rayleigh regimes in couple-stress elasticity.
Figure 3: Sub-Rayleigh and Super-Rayleigh regimes in the m− h0 plane.
Moreover, in view of Eqs (4)-(7), the stresses and couple-stresses assume the
following form in the steady state case
σxx = λ∇2φ+ 2µ
(
∂2φ
∂X2
+
∂2ψ
∂X∂Y
)
,
σyy = λ∇2φ+ 2µ
(
∂2φ
∂Y 2
− ∂
2ψ
∂X∂Y
)
,
σyx = µ
[
2
∂2φ
∂X∂Y
+
∂2ψ
∂Y 2
− ∂
2ψ
∂X2
]
− µ`2∇4ψ + µm2h2∇2ψ,
σxy = µ
[
2
∂2φ
∂X∂Y
+
∂2ψ
∂Y 2
− ∂
2ψ
∂X2
]
+ µ`2∇4ψ − µm2h2∇2ψ,
(16)
mxz = −2µ`2∂(∇
2ψ)
∂X
, myz = −2µ`2∂(∇
2ψ)
∂Y
. (17)
Due to the anti-symmetry with respect to the Y = 0 plane, the problem can be
viewed as a half-plane problem in the region Y ≥ 0 under the following boundary
8
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conditions
σyx(X, Y =0) = −τ(X) for −∞ <X < 0, (18)
σyy(X, Y =0) = 0 for −∞ <X <∞, (19)
myz(X, Y =0) = 0 for −∞ <X <∞, (20)
ux(X, Y =0) = 0 for 0 <X <∞, (21)
where the distribution of shear tractions along the crack faces which is assumed
to have the following form [29]
τ(X) =
(−1)p
Γ(1 + p)
T0
L
(
X
L
)p
eX/L, X < 0, p = 0, 1, 2, 3... (22)
where Γ() is the Gamma function, p is a positive integer, and T0 and L are positive
constants having pertinent dimensions. The distribution of the shear traction
along the crack faces is depicted in Fig.4 for various values of the loading parameter
p and L/` = 10. It is noted that maximum of the distributed traction occurs at
Xmax = −pL, whereas the resultant force due to the applied traction on the crack
faces is:
∫ 0
−∞ τ(X)dX = T0 and is applied at a distance: (1/T0)
∫ 0
−∞ τ(X)XdX =−(1 + p)L. Note further that for p = 0 the load at the crack-tip (X = 0) attains
its maximum value, while for p > 0 it becomes null at the crack-tip. Moreover, as
the parameter p decreases the maximum value of the traction increases and the
distribution becomes more localized near the crack-tip.
Figure 4: Variation of the normalized shear traction τ(X)`/T0 applied along the crack faces
versus the normalized distance X/` for various loading parameters p.
4. Full field solution
An exact solution of the shear crack problem is obtained by means of the Fourier
transform and the Wiener-Hopf technique. The basic transform analysis and the
9
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general factorization procedure was thoroughly illustrated in [28]. The unilateral
Fourier transforms of the unknown stress σyx(X>0, Y =0) ahead of the crack tip,
and the unknown crack-face displacement ux(X<0, Y =0) are defined as follows
Σ+(s) =
∫ ∞
0
σyx(X, Y = 0)e
isX dX, U−(s) =
∫ 0
−∞
ux(X, Y = 0)e
isX dX. (23)
The transformed function Σ+(s) is analytic in the upper half-plane Im(s) > 0,
while U−(s) is analytic in the lower half-plane Im(s) < 0. The latter definitions in
conjunction with the boundary conditions (18)-(21) provide the final Wiener-Hopf
equation of the problem, connecting the two unknown functions Σ+(s) and U−(s)
[28]
Σ+(s)− T−(s) = µ`(1− φ)(2−m
2)2 s2
m2 [(s`)2]1/2
N(s`)U−(s), (24)
where φ ≡ φ(m, ν) = 4 (1−m2c2)1/2 (2−m2)−2 and T−(s) is the unilateral
Fourier transform of the shear loading along the crack-faces which according to
Eq. (22) is given as
T−(s) =
T0
(1 + isL)1+p
. (25)
The kernel function N(z) is defined as
N(z) =
θ(z)2 + [z2]
1/2
θ(z) +m2
`(1− φ) [β(z) + γ(z)] θ(z) −
φ
1− φ, (26)
where
θ(z) = `2
β(z)γ(z)
[z2]1/2
, (27)
and
β(z) =
[1 + (2−m2h20) z2 + χ(z)]1/2√
2`
, γ(z) =
[1 + (2−m2h20) z2 − χ(z)]1/2√
2`
,
(28)
χ(z) =
[
1 + 2
(
2− h20
)
m2z2 +m4h40z
4
]1/2
, (29)
with z = s` being a dimensionless complex variable.
The kernel function possesses the desired asymptotic property lim|z|→∞N(z) =
1 and has no poles or zeros in the finite complex z-plane. It can be further shown
that the branch cuts of the kernel function N(z) extend along: ±ε ≤ Im(z) ≤ ±b0,
and ±b0 ≤ Im(z) ≤ ±b1, with ε being a real number such that ε→ 0 and
b0 =
(1−m2)1/2
(1−m2h20)1/2
, b1 =
(
2− h20 − 2 (1− h20)1/2
)1/2
mh20
. (30)
10
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Note that in the sub-Rayleigh regime (m < mR) the constant b0 is always real,
while the constant b1 is real when h0 ≤ 1 and complex for h0 > 1. As it was shown
in [28], the kernel is factorized as: N(z) = N+(z)N−(z) where the sectionally
analytic functions N±(z) read
N±(z) = exp
{
− 1
pi
[∫ ib0
0
tan−1
[
Im (N(ζ))
Re (N(ζ))
]
dζ
ζ ± z + a
∫ ib1
ib0
tan−1
[
Im (N(ζ))
Re (N(ζ))
]
dζ
ζ ± z
]}
,
(31)
with a being a constant that takes the values 0 or 1 depending on the branches
of the kernel function N(z) defined as
a =
1−H
(√
1−
√
1− h20 −mh0
)
, for h0 ≤ 1
0, for h0 > 1
(32)
where H( ) is the Heaviside step function. This implies that the second branch
of N(z) exists only in certain cases, depending on the values of (m,h0).
The Wiener-Hopf equation (24) can then be conveniently written in the form:
Σ+(s) [s`]1/2+
N+(s`)
=
µ`(1− φ) (2−m2)2 s2
m2 [s`]1/2−
N−(s`)U−(s) + T0M(s`), (33)
where the functions [s`]1/2+ and [s`]
1/2
− are analytic in the upper and lower half
plane [28], respectively and
M(z) =
(−z0)p+1 [z]1/2+
(z − z0)p+1N+(z) , (34)
with z0 = i`/L.
The sum-splitting of the last term in the RHS of Eq. (33) is required to com-
plete the decoupling process. This is done by exploiting the fact that the function
[z]1/2+ /N
+(z) is analytic at z0, and, thus, admits a Taylor series representation.
In particular, we obtain
(−z0)p+1 [z]1/2+
N+(z)
= (−z0)p+1
p∑
j=0
cj(z − z0)j +M+(z)(z − z0)p+1. (35)
In view of the above, M(z) can be factorized as
M(z) = M+(z) +M−(z), (36)
where M+(z) is defined by Eq. (35) and is analytic in the upper half-plane, while
M−(z) is defined as
M−(z) = (−z0)p+1
p∑
j=0
cj(z − z0)j−p−1, (37)
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and is analytic in the half-plane Im(z) < `/L. It is further remarked that the
functionsM+(z) andM−(z) exhibit the following asymptotic behavior: M±(z) =
O(1) as |z| → 0 and M±(z) = O(z−1) as |z| → ∞.
The constants cj can be formally derived as
cj =
1
2pii
∮
C
[z]1/2+
N+(z)(z − z0)j+1dz, (38)
where C is an arbitrary contour centered at the point z = z0 and lying in the
analyticity domain. Substituting Eq. (36) into (33), we finally derive
Σ+(s) [s`]1/2+
N+(s`)
− T0M+(s`) =µ`(1− φ) (2−m
2)
2
s2N−(s`)
m2 [s`]1/2−
U−(s)
+ T0M
−(s`) ≡ E(s`).
(39)
The above functional equation defines the function E(s`) only on the real line.
In view of the results obtained in [28], the functions Σ+(s) and U−(s) exhibit the
following asymptotic behavior as |s| → ∞: Σ+(s) = O(s−1/2) (Im(s) > 0) and
U−(s) = O(s−3/2) (Im(s) < 0). Moreover, bearing in mind that: N±(s`)→ 1 and
M±(s`)→ 0 as |s| → +∞, we conclude that the both members of (39) tend to a
constant value at infinity, which according to Liouville’s theorem implies, in turn,
that E(s`) = T0E0, where E0 is a constant.
The transformed shear stress is now given by (39) as
Σ+(s) = T0[E0 +M
+(s`)]N+(s`) [s`]−1/2+ , (40)
which is analytic for Im(s) > 0.
The constant E0 can be determined from simple equilibrium considerations.
In particular, taking into account that Σ+(0) =
∫∞
0
σyx(X, Y = 0) dX = T0, it
can readily be shown that
E0 = −M+(0) =
p∑
j=0
cj(−i`/L)j. (41)
Note that alternatively, the constant E0 can be evaluated from the condition
ux(0, 0) = 0 which is equivalent to
∫ +∞
−∞ U
−(s)ds = 0.
The final transformed expression for the crack-face displacement becomes then
U−(s) =
T0m
2
µ`(1− φ) (2−m2)2
[
E0 −M−(s`)
] [s`]1/2−
s2N−(s`)
, (42)
which is analytic for Im(s) < 0.
Accordingly, using asymptotic analysis, the following near-tip field behavior is
obtained for the shear stress ahead of the crack-tip and the crack-face displacement
σyx(X → +0, Y = 0) =
√
2T0 Re(E0)√
pi`
X−1/2, X > 0, (43)
12
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ux(X → −0, Y = 0) = 2
√
2T0m
2 Re(E0)
µ
√
pi`(φ− 1) (2−m2)2 (−X)
1/2 , X < 0. (44)
The dynamic (d) stress intensity factor (SIF) assumes then the following form
KdII = lim
X→0
√
2piXσyx(X, Y = 0) = 2T0
Re (E0)√
`
, (45)
whereas the classical (cl.) SIF Kdcl.II reads (an analytical derivation is shown in
Appendix A)
Kdcl.II =
T0
√
2Γ(1/2 + p)√
piLΓ(1 + p)
, (46)
with Γ() being the Gamma function. It is interesting to note that the classical SIF
does not depend upon the crack speed V . This is a common feature of steady-
state crack propagation problems in the classical elastodynamic theory [54] (see
also [29], Appendix A) and is in marked contrast with the present finding where
the dynamic SIF in (45) depends upon the speed of the propagation through the
Liouville’s constant E0 for all loading profiles.
5. Results and discussion
5.1. Analytical representation of displacements, stresses and couple-stresses
The exact behavior of the shear stress ahead of the crack tip and the crack opening
displacement can be obtained from (40) and (42), respectively, by employing the
inverse Fourier transform. In particular, for a crack propagating with a sub-
Rayleigh speed, the functions Σ+(s) and U−(s) have no branch points or poles
along the real line, consequently, the path of integration L coincides with the real
line in the complex s-plane
σyx(X) =
1
2pi
∫ ∞
−∞
Σ+(s)e−iXsds, X > 0. (47)
ux(X) =
1
2pi
∫ ∞
−∞
U−(s)e−iXsds, X < 0, (48)
The variation of the normalized sliding crack-face displacement µux/T0 is de-
picted in Figure 5 with respect to the normalized distance X/` and a range of
values of the loading parameter p = {0, 1, 2}. The Poisson’s ratio is ν = 0.3,
L/` = 10 and h∗0 = 1.078. Two cases regarding the effect of the microstruc-
tural ratio h0 are examined: (i) h0 = 0 (zero micro-inertia), characterized by
anomalous dispersion of Rayleigh waves and a limiting crack propagation veloc-
ity: V = cR = 0.927cs - (Fig.5, upper row), and (ii) h0 = 1.1h∗0, characterized by
normal dispersion of Rayleigh waves and a limiting crack propagation velocity:
V = cs/h0 = 0.843cs - (Fig.5, lower row). It is observed that in all cases the
13
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Figure 5: Variation of the normalized upper crack face sliding displacement versus the nor-
malized distance for three different values of the loading parameter p = {0, 1, 2}. (upper row)
h0 = 0 - zero microinertia (lower row) h0 = 1.1h∗0. The Poisson’s ratio is ν = 0.3, L/` = 10,
and h∗0 = 1.078.
sliding crack-face displacement in couple-stress elasticity (red solid line) is smaller
than the one predicted by the classical LEFM theory (blue dashed line) verify-
ing that the microstructure can shield the crack-tip from fracture. This shielding
effect becomes more pronounced as the ratio L/` decreases i.e. when the mi-
crostructure of the material is comparable with the geometrical characteristics of
the problem. The same trend was observed also in the static case (Gourgiotis et
al. [55]). As the crack propagation velocity approaches the pertinent Rayleigh
limit m → mR, the sliding displacement increases significantly but contrary to
the classical case it remains finite in magnitude. The micro-inertia does not affect
much the variation of the displacement as it can be deduced by comparing the
upper row with the lower row in Figure 5. Indeed, higher values of the ratio h0
result to only a small increase in the sliding displacement which becomes more
pronounced when the propagation velocity tends to the Rayleigh limit.
On the other hand, the loading profile plays an important role in the macro-
scopic response of the material. As Figure 6 illustrates, in all cases, the sliding
displacement increases as we move along the crack-faces reaching a bounded max-
imum and then decreases monotonically to zero. An increase in the magnitude of
ux is noted for smaller values of the parameter p in a region close to the crack-
tip (see also Fig. 5). However this trend is reversed as as we move away from
the crack-tip and the sliding displacement becomes higher for greater values of
the parameter p. In fact, it is observed that the maximum value of the sliding
displacement increases for increasing p and its location is translated to the left.
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Figure 6: Effect of the loading parameter p on the variation of the normalized upper crack
face sliding displacement in the dynamic case - m = 0.8 (left) and static case - m = 0 (right).
The Poisson’s ratio is ν = 0.3, L/` = 10, and h∗0 = 1.078.
Figure 7: Effect of the loading parameter p on the variation of (left) the normalized shear
stress and (right) the normalized couple-stress ahead of the crack-tip. The Poisson’s ratio is
ν = 0.3, L/` = 10, and h∗0 = 1.078.
Finally, Figure 7 on the left depicts the variation of the normalized shear stress
σyx`/T0 ahead of the crack-tip for three values of the loading parameter p. The
propagation velocity of the crack is V = 0.8cs and h0 = h∗0. In this case, the
limiting velocity is the classical Rayleigh speed V = 0.927cs. As in the classical
theory, the shear stress remains square-root singular at the crack-tip. A stress
aggravation is observed for lower values of p. Figure 7 on the right shows the
effect of the loading parameter p on the variation of the normalized couple-stress
mxz/T0 ahead of the crack-tip. It is observed that the couple-stress decays rapidly
with increasing distance from the tip of the crack. Moreover, it is remarked that
as in the static case [55], mxz is bounded at the crack-tip.
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5.2. The dynamic stress intensity factor
In this Section, we examine the dependence of the dynamic SIF KdII upon the
crack speed, the loading profile, and the microstructural lengths of constrained
Cosserat elasticity. It is recalled (see Section 4), that the classical dynamic SIF,
Eq. (46), is independent of the propagation velocity and thus coincides with the
static one: Kdcl.II = K
scl.
II .
Figure 8 depicts the variation of the ratio KdII/KsII with respect to the nor-
malized speed m of the crack. KsII is the static SIF in couple-stress elasticity
obtained as m → 0 (see also [28], [55]). Three different loading profiles are ex-
amined, namely, p = {0, 1, 2}. Note that when h0 ≤ h∗0, the limiting velocity for
sub-Rayleigh motion is m = 1/h∗0 (i.e. V = cR), while for h0 > h∗0 the limiting
velocity is m = 1/h0 (i.e. V = cs/h0). In particular, for a material with ν = 0.3
we derive h∗0 = 1.078 and thus when h0 = 1.1h∗0 the limiting Rayleigh veloc-
ity becomes 0.84cs showing a 9% decrease as compared to the classical limiting
Rayleigh velocity. This finding shows that the limiting velocity of shear cracks
can be lower for microstructured materials than the one predicted by the classical
elastodynamic theory and is in agreement with experimental observations regard-
ing the limiting propagation velocity of shear faults [7]. It is further noted that as
the crack speed approaches the pertinent limiting velocity a significant but finite
increase of the ratio KdII/KsII is observed. This increase is more pronounced as
h0 → h∗0 (curve 2) and for higher values of the loading parameter p.
Figure 8: Variation of the ratio of the dynamic SIF to the static SIF in couple-stress elasticity
with respect to the normalized crack speed m for p = {0, 1, 2}. The Poisson’s ratio is ν = 0.3
and h∗0 = 1.078.
Figure 9 illustrates the effect of the scale ratio L/` upon the ratio of the
dynamic SIFs in couple-stress and classical elasticity KdII/K
dcl.
II . It is observed
that in all cases the ratio is above unity. This shows a stress aggravation when
couple-stress effects are taken into account. Moreover, the variation of the ratio
depends strongly upon the loading profile. For p = 0, the ratio is a monotonically
decreasing function of `/L, while for p > 0 the ratio initially increases reaching a
bounded maximum and then decreases monotonically. In the limit case `/L→ 0
the ratio of the SIFs in couple-stress and in classical theory is not unity but
exhibits an increase which becomes more pronounced as the crack-tip velocity
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approaches the limiting velocity (see also [28]). This limit value depends only
upon the Poisson’s ratio ν and the speed of the crack and is independent of the
loading parameter p and the microstructural ratio h0. When m→ 0 the limiting
value becomes:
√
3− 2ν, recovering the result derived previously by Gourgiotis
et al. (2012) in the static case. As Sternberg and Muki [56] pointed out the
aggravation of the SIF can be attributed to the severe boundary layer effects of
couple-stress elasticity in singular stress-concentration problems.
Figure 9: Variation of the ratio of the dynamic SIFs in couple-stress and classical elasticity
with respect to L/` for h0 = {0, 1.1h∗0}. The Poisson’s ratio is ν = 0.3 and h∗0 = 1.078.
5.3. The dynamic energy release rate
The dynamic J-integral was established in the context of couple-stress elastic-
ity by Gourgiotis and Piccolroaz [28]. In the steady state case, the J-integral is
identified as the energy release rate (ERR) and is path-independent [28]. For the
evaluation of the ERR, we consider a rectangular shaped contour, centered at the
crack-tip, with vanishing ’height’ along the Y -direction and length 2ε. Letting
ε→ 0, the contribution of the shear traction τ(X) along the crack faces vanishes
allowing the use only of the asymptotic near-tip fields. For the plane-strain case
considered here, the J-integral assumes the following form
Jd = −2 lim
ε→+0
∫ ε
−ε
{
σyy(X,+0) · ∂uy(X,+0)
∂X
+ σyx(X,+0) · ∂ux(X,+0)
∂X
+myz(X,+0) · ∂ω(X,+0)
∂X
}
dX, (49)
= −2 lim
ε→+0
∫ ε
−ε
σyx(X,+0) · ∂ux(X,+0)
∂X
dX
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where we have used the fact that the normal stress σyy(X,±0) and the couple-
stress myz(X,±0) are zero along the whole crack line (Y = 0) in the mode II
case.
Now, by utilizing the asymptotic solutions (43) and (44) and Fisher’s theorem
for products of singular distributions (see e.g. [57, 55, 28]), we finally obtain
Jd =
2T 20m
2[Re(E0)]
2
µ`(φ− 1) (2−m2)2 , (50)
On the other hand, the respective J-integral in the classical theory of elasticity is
(Appendix A)
Jdcl. =
T 20m
2
√
1−m2 Γ(1/2 + p)2
µpiLR(m) Γ(1 + p)2
(51)
where R(m) = 4 (1−m2)1/2 (1−m2c2)1/2 − (2−m2)2 is the classical Rayleigh
function [54]. The roots of this function provide the Rayleigh wave speed in
a classical non polar medium. As the speed of the crack reaches the classical
Rayleigh wave velocity (i.e. m→ cR/cs) the Rayleigh function becomes zero and,
consequently, the classical ERR in (51) becomes infinite. This is a common feature
of steady-state problems in classical elasticity where the SIF does not depend
upon the crack-tip velocity. On the other hand, for ` 6= 0 (i.e. when couple-stress
effects are taken into account) the ERR in (50) remains always finite in the range
m ∈ [0,mR]. Note further that as `/L→ 0, the ratio of the ERRs tends to unity
lim
`/L→0
Jd
Jdcl.
= 1. (52)
Figure 10 illustrates the variation of the normalized ERR in couple-stress elas-
ticity and in classical elasticity with respect to the normalized crack propagation
velocity m for a material with L/` = 10 and ν = 0.3. Three different loading pro-
files are examined: p = {0, 1, 2}. For curves 1 and 2 the limiting (sub-Rayleigh)
velocity is mR = cR/cs = 1/h∗0 = 0.927 with h∗0 = 1.078, whereas for curve 3
(h0 = 1.05h∗0) we have: mR = 1/h0 = 0.883. This justifies the fact the curve 3
terminates earlier than curves 1 and 2. As the speed approaches the respective
limiting crack propagation velocity, an increase is observed in the dynamic ERR
in couple-stress elasticity, however, contrary to the classical elasticity case (red
dashed curve), the ERR remains always bounded. The increase becomes more
significant when h0 = h∗0 (curve 2). This is attributed to the fact that in this
case the Rayleigh waves travel almost non-dispersively in a couple-stress medium,
thus, resembling the classical elasticity situation (see Fig. 1 and the relevant dis-
cussion in Section 3). Finally, it is noted that as the loading parameter increases
the maximum values of the ERR in couple-stress elasticity increase accordingly.
Comparing the graphs in Fig.10, we observe that the effect of the micro-inertia
upon the ERR is more significant for lower values of the loading parameter p.
Figure 11 depicts the variation of the ratio of the ERR in couple-stress elas-
ticity to the respective one in the classical LEFM theory versus the normalized
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Figure 10: Distribution of the dynamic ERRs in couple-stress and classical elasticity with
respect to the normalized crack speed for three different loading profiles p = {0, 1, 2} and
h0 = {0, h∗0, 1.05h∗0}. The Poisson’s ratio is ν = 0.3, L/` = 10, and h∗0 = 1.078.
velocity for the cases: h0 ≤ h∗0 (left) and h0 > h∗0 (right), respectively. Three
different values of the loading parameter p are examined. It is observed that for
h0 ≤ h∗0 and p = 0, the ratio of the ERRs is below unity and exhibits a mono-
tonically decreasing behavior with the crack speed. On the other hand, for p > 0
the ratio rises above unity showing an initial increase with increasing speed and
then falling abruptly to zero as the crack reaches the Rayleigh velocity. This
behavior is attributed to the fact that at the Rayleigh velocity limit the classical
ERR becomes infinite and, accordingly, the ratio becomes zero (since the ERR
in couple-stress elasticity remains always finite). A similar behavior was also ob-
served in the case of a shear crack propagating with a sub-Rayleigh speed in a
plane triangular-cell lattice ([58], [59]). The plane triangular-cell lattice consists
of point particles which are connected by massless elastic bonds, thus, interacting
only with forces and not internal moments. Such a model corresponds to the case
of zero micro-rotational inertia (h0 = 0) in the present study. Moreover, in the
latter studies, the global ERR for the crack propagating through the homogenized
medium can be identified with the classical ERR (Eq. (51) in our study), whereas
the local ERR for the crack propagating through the lattice (i.e. the energy spent
on fracture itself) corresponds to the ERR in couple-stress elasticity (Eq. (50) in
our study). In the case h0 > h∗0, the pertinent Rayleigh limiting speed is defined
as mR = 1/h0, which is evidently less than the classical Rayleigh velocity (1/h∗0).
Therefore, the curves plotted in Figure 11b terminate before they reach the zero
value.
Finally, Figure 12 displays the dependence of the ratio Jd/Jdcl. upon the ratio
of lengths `/L. Depending on the loading profile a different behavior of the ratio
is observed. In particular, for p = 0, the ratio Jd/Jdcl. decreases monotonically
with increasing values of `/L, remaining always below unity, Jd/Jdcl. < 1. This
decrease is more significant as the propagation speed approaches the Rayleigh
limit velocity mR. This finding shows that the couple-stress theory predicts a
strengthening effect since a reduction of the crack driving force takes place as the
material microstructure becomes more pronounced. Such strengthening effect has
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Figure 11: Variation of the ratio of the dynamic ERR in couple-stress elasticity to the ERR in
classical elasticity with respect the normalized crack-tip velocity (left) for h0 ≤ h∗0 and (right)
for h0 > h∗0. The Poisson’s ratio is ν = 0.3, L/` = 10, and h∗0 = 1.078.
Figure 12: Variation of the ratio of the dynamic ERRs in couple-stress and classical elasticity
with respect to the geometric ratio `/L. (left) for h0 = 0 (zero micro-inertia) and (right) for
h0 = h
∗
0. The Poisson’s ratio is ν = 0.3, and h∗0 = 1.078.
been observed also experimentally in fracture of ceramic materials under remote
loading where a decrease in the ERR takes place as the length of the crack becomes
comparable to the grain size ([60, 11, 12]). A qualitative different behavior is
observed for loading profiles with p > 0, in such cases the ratio of the ERRs
may increase above unity in a range of values of `/L which depends upon the
parameters: m, h0, and p. Higher values of these parameters implies a larger
range of `/L at which Jd/Jdcl. > 1. The latter finding shows that the couple-
stress theory may predict also a weakening effect, where more energy needs to
be provided with respect to a classical elastic material in order for the crack to
advance further. A similar behavior was observed in the interaction problem of
a glide dislocation and a shear crack in the context of couple-stress elasticity
(Baxevanakis et al. [61]) and in the case of a mode II semi-infinite crack under
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concentrated static loading (Gourgiotis et al. [55]).
6. Conclusions
In the present work, we examined the propagation characteristics of shear cracks
in microstructured brittle materials modeled by the constrained Cosserat elasticity
theory. The dynamic constrained Cosserat theory introduces two characteristic
material lengths for isotropic materials that can be related to the intrinsic ma-
terial microstructure. It was assumed that the crack propagates at a constant
sub-Rayleigh speed. The main goal was to investigate the effect of different load-
ing profiles in the macroscopic response of the cracked material, extending thus
the recent results presented by Gourgiotis and Piccolroaz [28]. Rotational micro-
inertia effects were also considered in our study since previous experience with
couple-stress analyses of surface waves and anti-plane crack problems showed that
this term is important, especially at high frequencies. An exact closed form solu-
tion of the boundary value problem was obtained by using an integral transform
analysis and the Wiener-Hopf technique.
Our results differ in several important respects from the predictions of stan-
dard LEFM. It was shown that both the loading type and the microstructural
parameters (`, h) strongly influence the fracture process near a rapidly moving
shear crack. Our analysis showed that depending on the values of the microstruc-
tural ratio h0 = h/`, the actual limiting crack speed under in-plane shear loading
conditions can be significantly lower than the classical limiting Rayleigh wave
speed predicted by the standard elastodynamic theory. This finding is in agree-
ment with the experimental results regarding the limiting velocity during shear
fault propagation and sheds light on the effects of the microstructure in dynamic
brittle fracture. Moreover, for the steady-state crack propagation problem ex-
amined here, it was found that both the SIF and the ERR (J-integral) depend
upon the crack velocity. As the crack speed approaches the pertinent Rayleigh
velocity both quantities increase significantly but remain, contrary to the classi-
cal case, always finite. A strengthening effect was observed when the resultant
force of the applied loading is localized near the crack-tip. In this case, the ERR
decreases monotonically with increasing values of the ratio of the characteristic
material length ` over the pertinent geometrical length L. This decrease in the
crack driving force shows that the microstructure shields the crack tip. Similar
strengthening effects have been observed in ceramics when the grain size becomes
comparable to the crack length. Conversely, as the profile of the applied loading
becomes more uniformly distributed away from the tip of the crack weakening
effects are observed. In that case, the ERR predicted by the present theory be-
comes higher than the classical one showing that a greater amount of energy is
provided for the crack to propagate. Finally, it is worth noting that when the
characteristic lengths of the theory become vanishingly small, size effects are not
observed and the classical result for the ERR is recovered.
Based on our results, we conclude that the constrained Cosserat elasticity
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theory, which is the simplest gradient type generalized continuum theory, provides
a more accurate and detailed description of the physical mechanisms governing
the fracture process of microstructured materials.
Appendix A The classical elasticity solution
For a steady-state propagating crack the governing equations in terms of Lamé
potentials assume the following form in the moving coordinate system
(1−m2c2) ∂
2φ
∂X2
+
∂2φ
∂Y 2
= 0, (1−m2) ∂
2ψ
∂X2
+
∂2ψ
∂Y 2
= 0. (A.1)
Accordingly, for the mode II case, the pertinent boundary conditions are given in
(18), (19), and (21). Note that the stress tensor in this case is symmetric. An
exact solution to the boundary value problem described above is obtained using
the Fourier transform and the Wiener-Hopf technique. The unilateral Fourier
transforms of the unknown stress σyx(X>0, Y =0) ahead of the crack tip, and the
unknown crack-face displacement ux(X<0, Y =0) are defined in (23). Following
the procedure outlined in Section 4, the final form of the Wiener-Hopf equation
reads
Σ+(s) [s]
1/2
+ − T0H+(s) = −
µR(m)s2
m2(1−m2)1/2[s]1/2−
U−(s) + T0H−(s) ≡ E(s) (A.2)
with
H+(s) = (−s0)p+1
[
[s]
1/2
+ −
p∑
j=0
Fj(s− s0)j
]
(s− s0)−p−1, (A.3)
H−(s) = (−s0)p+1
p∑
j=0
Fj(s− s0)j−p−1 (A.4)
and
Fj =
1
2pii
∮
C
[s]1/2+
(s− s0)j+1ds =
√
pis
1
2
−j
0
2j!Γ(3/2− j) , (A.5)
where C is an arbitrary contour centered at the point s0 = i/L and lying in the
analyticity domain. Note that H+(s) is analytic in Im(s) > 0 , whereas H−(s) is
analytic in Im(s) < L−1. Moreover, the functions H+(s) and H−(s) exhibit the
following asymptotic behavior: H±(s) = O(1) as |s| → 0 and H±(s) = O(s−1) as
|s| → ∞.
The functional equation (A.2) defines E(s) only on the real line. Taking into
account the near-tip asymptotic behavior of the stress and displacement field in
classical LEFM and invoking Liouville’s theorem, we conclude that E(s) = T0E0.
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The constant E0 is evaluated by simple equilibrium considerations as in the couple-
stress case. In fact, it can be shown that
E0 =
p∑
j=0
(−s0)jFj = (1 + i) Γ(1/2 + p)√
2piLΓ(1 + p)
, (A.6)
In light of the above results, the near-tip behavior of the shear traction and
the sliding displacement is found to be
σyx(X → +0, Y = 0) = T0Γ(1/2 + p)
pi
√
LΓ(1 + p)
X−1/2, X > 0, (A.7)
ux(X → −0, Y = 0) = 2T0m
2
√
1−m2Γ(1/2 + p)
µpi
√
LR(m) Γ(1 + p)
(−X)1/2 , X < 0. (A.8)
Further, the stress intensity factor becomes
Kdcl.II = lim
X→0
√
2piXσyx(X, Y = 0) =
T0
√
2Γ(1/2 + p)√
piLΓ(1 + p)
. (A.9)
Finally, employing the asymptotic relations in (A.7) and (A.8), the classical
ERR takes the following form
Jdcl. = −2 lim
ε→+0
∫ ε
−ε
σyx(X,+0) · ∂ux(X,+0)
∂X
dX =
T 20m
2
√
1−m2 Γ(1/2 + p)2
µpiLR(m) Γ(1 + p)2
.
(A.10)
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